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Abstract. Let A be a commutative Noetherian ring, and let / be 
a proper ideal of A, R = A/ 1. Consider the polynomial rings T = 
A[xi, . . . x n ] and A = R[x\, . . . , x n ]. Suppose that linear equations are 
solvable in A. It is shown that linear equations are solvable in R (thereby 
theoretically Grobner bases for ideals of A are well defined and con- 
structible) and that practically Grobner bases in A with respect to any 
given monomial ordering can be obtained by constructing Grobner bases 
in T, and moreover, all basic applications of a Grobner basis at the level 
of A can be realized by a Grobner basis at the level of T. Typical appli- 
cations of this result are demonstrated respectively in the cases where 
A = D is a PID, A = D[yx, . . . , y m ] is a polynomial ring over a PID D, 
and A = K[y\, . . . , y m ] is a polynomial ring over a field K. 
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1. Introduction and Preliminary 

It is well known that the celebrated theory of Grobner bases over a field invented by Buchberger 
([Bui], [Bu2]) has been generalized to study Grobner bases and their applications over various 
commutative rings (cf. [AB], [AL], [BF], [BM], [BW], [GTZ], [KC], [K-RK], [M61], [NS1], [NS2], 
[Pan], [Pau], [Zac]). To go into a little more detail, we mainly refer to [AL] for a general theory 
of Grobner bases over rings. Let A = R[x\, . . . x n ] be the polynomial ring in n variables over 
a commutative Noetherian ring R with the multiplicative identity 1. Then A is a Noetherian 
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ring and A is also a free i?-module with the standard free i?-basis B = {x a = x® 1 ■ ■ ■ x®" \ a = 
(«!, . . . , a n ) G N n }, where N denotes the set of all nonnegative integers. It follows from ([AL], 
Chapter 4) that if linear equations are solvable in R, then a Grobner basis theory holds true 
for A and (in principle) finite Grobner bases in the sense of ([AL], Definition 4.1.13) may 
be constructed by means of an analogue of Buchberger's algorithm ([AL], Algorithm 4.2.1). 
However, as one may see from the literature, except for some specific rings such as R = Z 
which is the ring of integers, and R = K[y] which is the polynomial ring in one variable y 
over a field K, the practical implementation of such an algorithm seems to be much restricted 
by the coefficient ring R, in particular, it is rather annoying when R has divisors of zero, 
or when modulo operation has to be considered in dealing with the operations of elements 
in R. To remedy such problems, in this paper we propose a "pull-back method" whenever 
R is a quotient ring of a ring A over which Grobner bases may be effectively (or even more 
effectively) constructed by means of well-implemented algorithms. More precisely, in Section 2 
we show that if A is an arbitrary commutative Noetherian ring in which linear equations are 
solvable, then linear equations are solvable in any quotient ring R = A/ 1 of A, all basic results 
concerning Grobner bases as presented in ([AL], Sections 4.1 - 4.3) hold true over R and can 
be realized over A. As applications of Section 2, in Section 3 we show that if A is a PID and 
R = A/ 1 is any quotient ring of A, then the theory of strong Grobner bases holds true over 
R and can be realized over A; while section 4 deals with the case where R — E[ Oi, . . . , Cb m \ 
is a finitely generated i?-algebra over a commutative Noetherian ring E, and we show, by 
employing a nice result of [AB], that if linear equations are solvable in E then the Grobner 
basis theory ([AL], Sections 4.1 - 4.3) holds true over R and can be realized over E. In Section 
5 we illustrate the practical effectiveness of Theorem 4.4 by focusing on a finitely generated 
.D-algebra R — D[&i, . . . , i? m ] where D is a PID including the case of D being a field. Finally 
in Section 6 we give an comprehensive application of the previous sections to the case where R 
is a Galois ring. 

Let A be a commutative Noetherian ring. We now recall from [AL] some basics on Grobner 
bases for ideals in the polynomial ring T = A[x\, . . . x n ]. Let B = {x a = x® 1 ■ ■ ■ x^ n \ a = 
(«!,..., a n ) E N n } be the standard free A-basis of T. For convenience, we write A* = A — {0}, 
and, as usual we call x a a monomial of T. Given a monomial ordering -< on B, any nonzero 

element / = Y.T=i A ^" W with A * e A *> «(») = ■ • • , "J and x a ( m) -< s"^" 1 ) -< < x a(1 \ 

has the associated 

leading monomial: LM(/) = x a ^ l \ 

leading coefficient: LC(/) = Ai, and 

leading term: LT(/) = LC(/)LM(/) = \ x x a ^ . 

If S is a subset of T, we write (S) for the ideal of T generated by S, and we write LT(S') = 
{LT(/) | / e S} for the set of leading terms of S. 

In order to have an effective division algorithm and to make Grobner bases computable over 



A, it is necessary to have the following 



1.1. Definition We will say that linear equations are solvable in A provided that 

(i) Given A,A lr ..,A m £ A, there is an algorithm to determine whether A G (Ai, . . . , X m ) and 
if it is, to compute //!,..., /i m G A such that A = Xi/ii + • • • + A m /i m ; 

(ii) Given Ai,...,A m G A, there is an algorithm that computes a set of generators for the 
A- module 

Syz A (Ai, . . . , A m ) = {(/ii, . . . , Hm) G A m | Ai/ii H h A m /i m = 0}. 

Given / G T and a finite set F = {fi, ■ ■ ■ , f s } C T — {0}, if, under the assumption 
of Definition l.l(i), there are Ai,...,A s / G A*, x 01 ^ , . . . ,x a( - s ' ) G B, and f h , . . . , f is , G F, 
1 < s' < s, such that 

LM(f)=x°WLM(fi.), l<j<s', 

LT(/) = A^LT^J + ■ • • + \ s ,x^LT(f ls ,), 

then / can be expressed as 

/ = (\ lX a ^f tl + ■■■ + \ s ,x a ^f tsl ) + h, heT with LM(h) -< LM(/). 

In this case, / is said to be reduced to h modulo F in one step and is denoted by / — > h. 
If / and / cannot be reduced as above, then we say that / is minimal with respect to 
F. Thus, under the assumption that linear equations are solvable in E, there is an effective 
division algorithm ([AL], Algorithm 4.1.1) that produces elements h 1: . . . ,h s ,r G T such that 

/ = hxfx H h h s f s + r, 

where LM(/ij)LM(/j) ^ LM(/) for all hi ^ 0, and either r = or r is minimal with LM(r) ^ 
LM(/). 

By using the division algorithm described above, the following theorem is proved in [AL]. 
But note that we modified below the condition (ii) of ([AL], Theorem 4.1.12) in an equivalent 
statement. 

1.2. Theorem Let / be an ideal of T and Q = {g 1: . . . ,g s } a finite subset of / — {0}. The 
following statements are equivalent. 

(i) <LT(/)> = (LT(C?)). 

(ii) If ^ f G /, then there are Ai, . . . , X k G A*, x a{1 \ . . . , x a{ - k) G B, and g h ,...,g ik G Q, such 
that 

LM(/) = x a ^LM( gij ), 1 < j < k, 

LT(/) = X 1 x^LT(g ll ) + X 2 x a ^LT(g l2 ) + ■■■ + X k x a ^LT(g lk ). 



(iii) If 7^ / £ 7, then / has a representation 

/ = Ei=i h i9h hi £ T, # £ g, 

satisfying LM(hi)LM( gi ) ^ LM(/) for all ^ ^ 0. 

1.3. Definition Let I be an ideal of T and Q = {g±, . . . ,g s } a finite subset of 7 — {0}. If Q 
satisfies one of the three equivalent conditions of Theorem 1.2, then we call Q a Grobner basis 
of/. 

Clearly, if Q is a Grobner basis of the ideal I then it is a generating set for I. So, from now 
on in the text if we say that a finite subset Q of nonzero elements is a Grobner basis in T, it is 
meant that Q is a Grobner basis for the ideal I = (Q). Moreover, as usual a represention of / 
given in Theorem 1.2 (iii) is called a Grobner representation of / by Q. 

It follows from ([AL], Chapter 4) that if linear equations are solvable in A, then Grobner 
bases in T are computable, that is, with a given subset S = {/i, •••,/*} C T, there is an 
analogue of Buchberger's algorithm ([AL], Algorithm 4.2.1, Algorithm 4.2.2) for computing a 
finite Grobner basis for the ideal I = (S). In this case, we say that Grobner bases in T are 
computable in the sense o/[AL]. 

2. The General Case: R = A/I 

Let T — A[xi, . . . x n ] be the polynomial ring in n variables over a commutative Noetherian ring 
A, and let 7 be a proper ideal of A, it! = A/7. Suppose that Grobner bases in T are computable 
in the sense of [AL]. In this section, we show that Grobner bases for ideals of the polynomial 
ring A = R[xi, . . . well defined and can be obtained by constructing Grobner bases in 

T. Notations and conventions fixed in the last section are maintained. 

Since Grobner bases in T are computable by the assumption, linear equations are solvable 
in A. We first show that linear equations are solvable in R = A/7, thereby (in principle) 
Grobner bases in A are computable. As usual, if A £ A then we write A for the coset A + 7 in 
R represented by A. 

2.1. Proposition Suppose that 7 = (i^, . . . , v s ) where i^i, . . . , v s £ 7, and that linear equations 
are solvable in A. Then linear equations are solvable in R = A/7. 

Proof We show that R satisfies the two conditions of Definition 1.1. 

(i) Given A, Ai,...,A m £ R represented by A, Ai,...,A m £ A respectively, since 7 = 
(vi, . . . , u s ) we have 

A £ (Ai, . . . , A m ) <^ there are JI^ . . . , ~p m £ 7? such that A = Y1T=\ ^ifii 

& ^ ~ Ya=1 ^iVi e 1 = (^l; • • • > v s) 

^ A £ J = (Ai, . . . , A m , z/i, . . . , v 8 ) C A. 



By the assumption, there is an algorithm to determine whether A G J and if it is, to com- 
pute //i, . . . , fx m , f i, . . . , £ s G A such that A = Y.T=i ^ + EJ=i i- e -> A = JXi or 
equivalently, A G (Ai, . . . , A m ). 

(ii) Given Ai, . . . , A m G R represented by Ai, . . . , \ m G A respectively, since I = (vi, . . . , v s ) 
we have 

(£n • • • » aO e s Y z i?(^i ? • • • , A m ) c i? m 

i ^ = 
^ E™ i Ai^i g / 

<^> there are £i, . . . , £ s G A such that E£Li ^A** + Ej=i = 
(/ii, . . . , fj, m , . . . , £,) G Syz B (Ai, . . . , A m , v u . . . , v a ) C A m+S . 

By the assumption, there is an algorithm that computes a set of generators {Vi, . . . V q } for the 
A-module Syz A (Ai, . . . , A m , z/ 1? . . . , z/ s ) C E m+S . Consider the A-module epimorphism 

■ip : A m+S — > R m 

J A*mJ 

It follows from the above discussion that 

V'(Syz A (Ai,...,A m ,i/i,...,i/ s )) = Syz fl (Ai, . . . , A m ). 

Since the A-action of A on R m and the i?-action of R on R m coincide, a generating set 
of the A-module Svza(Ai, . . . , A m , vi, . . . , u s ) is mapped to a generating set of the i?-module 
Syz jR (Ai, . . . , A m ), thereby {^(Vi), . ..ip(V q )} generates the /^-module Syz fl (Ai, . . . , A m ). □ 

Although Proposition 2.1 tells us that in principle Grobner bases in the polynomial ring 
A = R[xi, . . . , x n ] in any n > 1 variables are computable, its proof indeed inspires us to 
obtain Grobner bases for ideals in A by constructing Grobner bases in the polynomial ring 
T = A[xi, . . . , x n ]. To go further, without confusion we let B = {x a = x^ 1 ■ ■ ■ x" n \ a = 
(aii, . . . , a n ) G N n } denote the standard free A-basis of T and the standard free i?-basis of A, 
and we fix a monomial ordering -< on B. Let ip: T — > A be the canonical ring epimorphism with 
\x a{i) ) = Ei \x a{i) , where \ G A, x a ^ G B, and \ = \ + 1 is the coset in i? = A/I 
represented by Aj. Recalling the definition of the leading term given in Section 1, the lemma 
given below is clear. 

2.2. Lemma (i) If ^ / = J2T=i A ^" W e T which has the leading term LT(/) = Ai:r a «, 
then <p(f) and LT(p(/)) = </?(LT(/)) if and only if X l I. 

(ii) If ^ / = J2T=i ^ xa(i) e A which has LT (7) = \x a{1) , then, putting / = J™ i A^ a(i) G T, 
we have LT(/) = \ix a ^ and LT(p(/)) = </?(LT(/)) = LT(/). 

□ 

2.3. Theorem Let the rings T = A[ },R = A/I,A = R[ ] , the canonical ring 
epimorphism p: T — > A, and all notations be as above. Suppose that the ideal I is generated 



by vi,...,u s G A, and let J = (S) be an ideal of A generated by the set S = {f\, . . . , f t }, 
where f i = Ej \jX a ^ with \j G A, 1 < i < t. Consider in T the set of elements S = 
{/i, . . . , f t , ui, . . . , u s }, where fi = £V \jX a ^\ and let J = (S) be the ideal of T generated by 
S. The following statements hold. 

(i) If, with respect to the given monomial ordering -<, Q — {g±, . . . , g m } is a Grobner basis of J 
constructed by means of ([AL], Algorithm 4.2.1) using the initial input-data S in T, then for each 
gi £ {i/i, u s }, we have ^ 0, LT(</?(#;)) = ip(LT(gi)) and hence LM(^(ft)) = LM(#). 

(ii) Let Q be the Grobner basis of J presented in (i). Considering the image <p(G) in A, the set 

S = {g k = v(9k) I gk&G, g k ^ "j, l < J < «} = - {0} 

is a Grobner basis for J with respect to the monomial ordering -<. 

(iii) Let Q be the Grobner basis of J presented in (i). Then each g k G Q — {vi, . . . , v s } has a 
representation g k = g' k + in which 

= Y, q Vk q x a{q) with £ J for all g, 
0* = J2e Vkex a{E) with G / for all £, 

and such a representation can be algorithmically determined. Hence each element of the 
Grobner basis Q obtained in (ii) has a "real representation" in A, i.e., g k = (p(g k ) = (fWk) = 
£,7*k g z a(?) with all the JI kq ^ 0. 

Proof (i) Let g^^Q with g^ G" {i^, . . . , is q }. If g^ G {fi, ■ ■ ■ , ft}, then g t has the desired property 
by Lemma 2.2. If c/j G" . . . , ft, z/i, ... , i/ s }, then it follows from ([AL], Algorithm 4.2.1) that 
#j is obtained by passing through some i-th round executing the While loop, that is, gi := r, 
where r appears as the remainder of a reduction 

G' 

h±gi H h h e ge — >+r 

which is minimal with respect to G' . Note that S C G' since S is the initial input-data running 
the algorithm. So, g« cannot be further reduced modulo G', in particular, it cannot be reduced 
modulo {u\, . . . , u s }, i.e., if LT(^) = \x a , then there do not exist Ai, . . . , A s G A such that 

\x a = (Aiz/i H h \ s v s )x a . 

This shows that if we write ^ = \x a + J2 j XjX a ^ with x a ^ -< x a , then f{gA = Ax a +Ej Xjx a ^ 
with A ^ and hence LT(</?(^)) = Ax Q = y?(LT(^)), LM(^(ft)) = x a = LMfe). 

(ii) Since J = </? _1 (J) = {/ G T \ (p(f) G J} and hence <p(J) = J, we first note that Q C J. 
For any ^ J = £™iV a(i) e 7 with LT(/) = AiX Q W, putting / = £™i A^ a « in T we 
have / G J with LT(/) = X ± x a ^ and, by Lemma 2.2, 

LTM/)) = v>(LT(/)) = LT(7) = A^ 1 ). (1) 



Moreover, by Theorem 1.2, there are /ii, . . . , Hk G A* = A — {0}, x^ 1 * 1 , . . . ,x@^ G £>, where 
PU) = • • • > &n) G N", 1 < j < fc, and g tl , . . . ,g ik e Q such that 

a-W = LM(/) = ^)LM( ft .), 1 < j < k, 

Aix«W = LT(/) = ^WLTOfcJ + • • • + ^WLTO/iJ. 1 J 

Since LT(/) = Aix ^ 1 ) 7^ 0, by the definition of (p we may assume that fj,j / and 5^. ^ 
{z/i, . . . , z/ s }, 1 < j < k. Combining (1) and (2), it follows from (i) that 

LM(J) = x a « = LM(/) = x^LM(ip( gij )), 1 < j < k, 

LT(f) = \ 1 x"W= V (LT(f)) = 7I 1 ^( 1 )^(LT( ft J) + ... + 7I fe ^W^(LT( ft J) 

= p^WLT^)) + • • • + /J^LT^J). 

This shows that Q satisfies the condition Theorem 1.2(h), thereby Q is a Grobner basis for J . 

(iii) Since Q is finite and since linear equations are solvable in A by our assumption, it 
follows that there is an algorithm to determine whether a coefficient of g k is in I — {ui, . . . , v s ). 

□ 

In ([AL], Section 4.3) several basic applications of Grobner bases over rings are presented. 
We next show that those basic applications of Grobner bases with coefficients in the quotient 
ring R = A/I may be realized by using Grobner bases with coefficients in the ring A. In what 
follows, we let the rings T = A[xi, . . . , x n ], R = A/I with / = . . . u s ), A = R[xi, . . . , x n ], 
the canonical ring epimorphism tp: T — > A, the ideal J = (S) of A, and the ideal J = (S) of T 
be as in Theorem 2.3. So we have the Grobner basis Q = {g±, . . . ,g m } for J and the Grobner 
basis Q = <p(G) — {0} for J. 

2.4. Proposition (Ideal membership problem) Let ^ / = Ei=i \x a ^ G A with all the 
\ ^ 0. Then / e J if and only if / = £' =1 \x a ^ G J if and only if / ^ + 0, i.e., by the 
division by Q ([AL], Algorithm 4.1.1), / has a Grobner representation: 

/ = 1 h i9i, hi G T, gi £ G, 

satisfying LM(/j t )LM( 5i ) ^ LM(/) for all hi ^ 0. 

Proof Since J = ^^(J) and </?(/) = /, the assertion is clear by Theorem 2.3. □ 

Remark It follows from Theorem 2.3 and Proposition 2.4 that if 7^ / e J, then the Grobner 
representation of / by Q gives rise to a Grobner representation of / by Q: 

f = ( P(f) = YZLiVfaWigi), hi G T, g t G G, 
= Efc ¥(h k )g k , ^ ip(g k ) = g k ^G 

satisfying LM(^(/ij))LM(^) ^ LM(J) for all <p(h k ) ^ 0. 

2.5. Proposition A complete set of coset representatives for A/J can be obtained by con- 
structing a complete set of coset representatives for T/J as in ([AL], Theorem 4.3.3) provided 



linear equations are solvable in A and A has effective coset representatives (in the sense of 
([AL], P.226). 

Proof This assertion follows from the fact that J = </? _1 (J) and hence A/ J = T / J . □ 

2.6. Theorem With T = K[x x , ...,x n ,y 1 ,.. .,y m ], A = R[x ± , . . . , x n , y lt . . .,y m ], where R = 
A/ 1 is as before, if Q is a Grobner basis for J with respect to an elimination ordering -< 
on the standard free A-basis B of T with the y variables larger than the x variables, then 
Q fl R[xi, . . . , x n ] is a Grobner basis for J n R[xi, . . . , x n ] with respect to the -< restricted on 

R[x±, ■ ■ ■ , %n\- 

Proof By Theorem 2.3, Q = f(Q) — {0} is a Grobner basis for J with respect to the same 
elimination ordering on the standard free i?-basis B of A, this assertion follows from ([AL], 
Theorem 4.3.6). □ 

2.7. Corollary With / = (v x , ... ,v s ) and R = A/I, it follows from Theorem 2.6 and ([AL], 
Proposition 4.3.9, Proposition 4.3.11, Theorem 4.3.13) that the following results hold. 

(i) A generating set (indeed a Grobner basis) for Ji fl J 2 , where J\ = •••,/ mi ) and 
■h = (hi, h m2 ) are ideals of A = R[xi, . . . be obtained by constructing a Grobner 
basis Q for the ideal J = (yf\, . . ., yf mi , (1 - y)hi, . . . , (1 - y)h m2 , v x , . . . , v 8 ) in the polynomial 
A-algebra A[y, x ± , . . . , x n \. 

(ii) Let J i and J 2 be as in (i). Then the ideal quotient 

Ji ■ J2 = U e A | J7 2 c 7x} = n^Jx : (^) 

can be obtained by constructing a generating set (indeed a Grobner basis) of J\ fl (hj) as in (i). 

(iii) If i/j: B — > A is an i?-algebra homomorphism of the polynomial R- algebra B — R[y\, . . . , y m ] 
to the polynomial i?-algebra A = R[x±, . . . , x n ] such that ip(yi) — f i7 1 < i < m then the kernel 
Ker^ of ip can be obtained by constructing a Grobner basis Q for the ideal J = (y\ — fi, ■ ■ ■ , y m — 
f m , vi,..., v s ) in the polynomial A-algebra A[yi, . . . , y m , x u . . . , x n \. 

□ 

Finally, with / = (v\, . . . , u s ) and R = A/I, we demonstrate how to obtain a generating 
set for the syzygy module Syz j4 (/ 1 , . . . , f t ) of a set of nonzero elements {f 1 , . . . , f t } C A = 
R[xi, . . . , x n ] by working out necessary data in T — A[xi, . . . , x n ]. 

2.8. Theorem Let cp: T — > A be the canonical ring epimorphism as before. A generating set 
for the syzygy module Syz^(/ 1 , . . . , f t ) of a set of nonzero elements S = {f\, . . . , f t } C A = 
R\ be obtained as follows. 

Step 1. Starting with the initial input-data S = {f\, . . . , ft, v\, ■ ■ ■ , z^ s }, ([AL], Algorithm 4.2.2), 
which is the Grobner basis algorithm using Moller's technique [M61], produces a Grobner basis 
Q = {gi, . . . g m } for the ideal J = (S) of T and, at the same time, outputs a homogeneous 
generating set H = {Vi, . . . , V e } of the syzygy module Syz T (LT(#i), . . . , LT(^ m )) C T m . 



Step 2. By Theorem 2.3, Q = <p(Q) — {0} is a Grobner basis for the ideal J = (S) of A. Suppose 
that Q = {g^, . . . ,g i }. We conclude that the H obtained in Step 1 gives rise to a homogeneous 
generating set H for the syzygy module Syzr(LT(^ il ), . . . , LT(^ )). More precisely, rewriting 
Q = {g^, . . . , g id , vi, . . . , u s }, we have H = <f>(H), where is the T-module epimorphism 

: T m — > A d 

(hi,...,h d , h[,...,h' s ) H> (hi,...,h d ) 

Step 3. With Q and H obtained in Step 2, a generating set for the syzygy module 
Syz^(/ 1? . . . , f t ) can then be obtained by ([AL], Theorem 4.3.16). 

Proof We need only to prove the conclusion on H in Step 2. To this end, rewrite Q = 
{g iiy . . . , g id , ui, . . . , v s }. For hi, . . . , hd G A represented by hi, . . . ,h d G T respectively, since 
Ker<^ is the ideal generated by vi, . . . , v q in T, we have by Theorem 2.3 that 

(hi, ...,h d )e Syz^LTfoJ, . . . , LT(g id )) C A d 

^E-=i^ LT (^) = ° 

* v^(E U ^ LT (^)) = e U v(hMm^) = e U ^m^)) = o 

^E,ti^LT(^,)G Kertp 

& there are /i'^ . . . , h' s G T such that £? =1 hjLT( gij ) + ££ =1 /i' fc z/ fe = 
^ ...,h d ,h[,..., h' s ) G Syz T (LT(^), . . . , LT(«? m )) G T m 

Consider the T-module epimorphism presented above. It follows from the above discussion 
that 

(Syz T (LT(^), . . . , LT(g td ), v 1 ,...,u s ))= Syz A (LT(^), . . . , LTfoJ). 

Since the T-action of T on A m and the A-action of A on A d coincide, the homogeneous generat- 
ing set H of the T-module Syzr(LT(^j 1 ), . . . , UT(g id ), vi, . . . , v s ) is mapped to a homogeneous 
generating set H of the A-module Syz^LTQ^J, . . . , LT(^ )). 

3. The Case of R = A/I with A a PID 

It is well known that the theory of Grobner bases for a polynomial ring T — A[xi, . . . , x n ] over 
a principal ideal domain (PID) A is much better developed, because of the fact that division of 
elements in many PID's (especially in the ring of integers Z) can be effectively implemented on 
computer, and that a finite strong Grobner basis Q (see the definition below) can be constructed 
by using only S'-polynomials for reductions ([AL], Algorithm 4.5.1). In this section we show 
that if / is a proper ideal of a PID A and R = A/I, then strong Grobner bases for ideals of the 
polynomial ring A = R[ well defined and can be obtained by constructing strong 

Grobner bases in T — A[xi, . . . ,x n ]. Consequently, all basic applications of Grobner bases at 
the level of A can be realized by using strong Grobner bases at the level of T, as presented in 
the last section. Notations and conventions used in previous sections are maintained. 



We start with an arbitrary commutative Noetherian ring A in which linear equations are 
solvable. As before, we write T = A[x±, . . . ,x n ]; for a given proper ideal / C A, we write 
R = A/ 1, A = R[x 1 ,...,x n ]; and we let B — \x a — x^ 1 • ■ • x" n \ a — {a u ...,a n ) G N n } 
denote the standard free A-basis of T and the standard free i?-basis of A. Moreover, we 
fix a monomial ordering -< on B. Let tp: T — > A be the canonical ring epimorphism with 

y(Ei^ a(<) ) = Ei^ a(i) > where X i e A > xa(i) e and Ai = Ai + / is the coset in R = A/I 
represented by Aj. 

3.1. Definition Let J be an ideal of T and Q — {gi, . . . g t } a subset of nonzero elements in J. 
If, for each ^ / G J, there exist A G A, x Q G £ and & G Q such that LT(/) = Ax a LT(^), 
then is called a strong Grobner basis for J. 

Let A be a PID and R = A/ 1 a quotient ring of A. Then it follows from Section 2 that 
Grobner bases for ideals of the polynomial ring A = R[x\ . . . , x n ], in the sense of Definition 1.3, 
are well defined and can be obtained by constructing Grobner bases in T — A[x±, . . . , x n ]. 

3.2. Theorem With notation as fixed above, let the ideal / = (u) be generated by v, and let 
J = (S) be an ideal of A generated by the set of nonzero elements S = {f 1: . . . , f t }, where 
fi = \ijX a ( j \ 1 < % < s. Consider in T the set of elements S = {/i, . . . , f t: v}, where 
fi = J2j KjX a ^\ and let J = (S) be the ideal of T generated by S. If, with respect to a given 
monomial ordering -<, Q — {g ± , . . . ,g m } is a strong Grobner basis of J constructed by means 
of ([AL], Algorithm 4.5.1) using the initial input-data S in T, then 

(i) the set 

G = {9k = ¥(9k) I 9k 9k + v} = <p(G) ~ {0} 

is a strong Grobner basis for J in the sense of Definition 3.1; and 

(ii) each g k G Q — {u} has a representation g k = g' k + g' k ' in which 

9k = Y, q ^k q x a{q) with fi kq £ I for all q, 
9k = J2e Vkex a( - e) with fi ke G / for all £, 

and such a representation can be algorithmically determined. Hence each element of the 
Grobner basis Q obtained in (ii) has a "real representation" in A, i.e., g k = (f(g k ) = f(g'k) — 
E q ^ a(q) with all the ]I kq ^0. 

Proof (i) By ([AL], Lemma 4.5.8), the strong Grobner basis Q is first of all a Grobner basis for 
J in the sense of Definition 1.3. It follows that Q satisfies Theorem 2.3(i). So, actually as in 
the proof of Theorem 2.3(ii), if ^ J = E™i^ Q ^ e J with LT (7) = A^ 1 ), then, putting 
/ = E™i x i x ° {i) in T we have / e J with LT (/) = Aix a(1) . Since Q is a strong Grobner basis 
of J, there exist A G A, x a G B and g { G Q such that LT(/) = X ± x a ^ = Ax a LT(^). Noticing 
_^ we conc i uc l e that gi ^ v. Therefore, by Theorem 2.3(i) we have 

LT(/) = X lX a ^ = y>(LT(/)) = Ax>(LT(^)) = \x a LT^(g t )). 



This shows that Q is a strong Grobner basis for J in the sense of Definition 3.1. 

(ii) Since Q is finite and since linear equations are solvable in the PID A, it follows that there 

is an algorithm to determine whether a coefficient of is in I = (u). □ 

By Theorem 3.2 and Section 2, the next theorem is straightforward. 

3.3. Theorem Let the Grobner bases Q and Q be as in Theorem 3.2. Then, similar results as 
presented in Proposition 2.4 - Theorem 2.8 hold, that is, all basic applications of the Grobner 
basis Q at the level of A — (A/I)[xi, . . . , x n ] can be realized by using the strong Grobner basis 
Q at the level of T = A[x 1 , . . . , x n ]. 

□ 

In view of the practical calculation, perhaps the most effective application of Theorem 3.2 
and Theorem 3.3 should be to the case where A = Z and R — Z/ (m) = Z m (the residue class 
ring modulo m), in particular, when m is not a prime. This advantage will be further illustrated 
in Section 6. 

Although Theorem 3.2 and Theorem 3.3 apply also to the case where A = K[y] is a poly- 
nomial ring in one variable over a field K, better results will be obtained in Section 5, namely 
we will see that the Grobner basis Q can be obtained by constructing a Grobner basis Q in 
the polynomial ring K[y, aq, . . . x n ] by means of the classical Buchberger algorithm, thereby all 
basic applications of G at the level of A can be realized by using Q at the level of K[y, aq, . . . x n ]. 

4. The Case of R = E[a h . . . , a m ] 

Let E be a commutative Noetherian ring in which linear equations are solvable. Then Grobner 
bases in the polynomial ring E[yi, . . . , yk] in any k > 1 variables are computable in the sense of 
[AL]. Let R = E{ cq, • • • , CL m } be a finitely generated E'-algebra with generating set {a±, . . . , a m }. 
Then R = E[yi, . . . , y m ]/I, where E[y ± , . . . , y m ] is the polynomial E- algebra in variables 
yi,...,y m , and / is the kernel of the canonical _E-algebra epimorphism E[yi, . . . , y m ] — > R 
with yi i->- cii, 1 < i < m. In this section we show that Grobner bases for ideals of the polyno- 
mial ring A = R[x±, . . . ,x n ], in the sense of Definition 1.3, are well defined, and that if a set 
of generators of / is known, say / = (vi, . . .u s ), then Grobner bases in A can be obtained by 
constructing Grobner bases in the polynomial E'-algebra T — E[yi, . . . , y m , aq, . . . , x n ]. Conse- 
quently, basic applications of Grobner bases at the level of A can be realized by using Grobner 
bases at the level of T, as presented in Section 2. Notations and conventions fixed in the 
previous sections are maintained. 

4.1. Proposition Let R — E[ Cb\ , . . . , CL m } be as given above. If linear equations are solvable in 
E, then linear equations are solvable in R. 



Proof If linear equations are solvable in E, then Grobner bases in the polynomial i?-algebra 
E[yi, . . . , y m ] are computable, thereby linear equations are solvable in E[yi, . . . , y m ] are solvable 
by ([AL], Chapter 4). Now, since R = E[y 1 , . . . ,y m ]/I, the conclusion follows from Proposition 

2.1. □ 

By Proposition 4.1 and Theorem 2.3, in principle Grobner bases in the polynomial R- 
algebra A = R[x±, . . . , x n ] in any n > 1 variables are well defined, and Grobner bases for ideal 
in A can be obtained by constructing Grobner bases in the polynomial E[y ± , . . . , y m ]-algebra 
Q = (E[yi, . . . , y m ])[xi, . . . , x n ] in n-variables Xi, . . . ,x n (i.e., by constructing Grobner bases 
with coefficients in E[y 1: . . . , y m ]). However, with the aid of a reasult of [AB], we will show 
that Grobner bases for ideals in A can indeed be obtained by constructing Grobner bases in 
the polynomial E'-algebra T = E[y±, . . . , y m , x±, . . . , x n ] inm + n variables (i.e., by constructing 
Grobner bases with coefficients in E). 

To continue the discussion, let us first bear in mind that as an associative ring, 

T = E[y u ...,y m ,x 1 ,...,x n ] = (E[y u . . . ,y m })[x u ...,x n ] = Q. 

For convenience, we write 

B = V = x? ■ ■ ■ x^ 1 ■■■yt I a = (ai,..., a n ) G N n , (3 = (ft, . . . , (3 m ) e N m }, 
B x = {ar = x?---a%> I a = (ai,..., a n ) G N n }, 

B y = {y p = y{ 1 • • • yt\ P = Hh, ■ ■ ■ , &») e N m }, 

for the standard free E-basis of T, the standard free i?-basis of A, and the standard free Z?-basis 
of E[yi, . . . ,y m ], respectively. Since any monomial ordering -< on B gives rise to a monomial 
ordering on B x and B y respectively, we use the same -< to denote the two obtained monomial 
ordering on B x and B y respectively. Thus, if ^ f G T, then, as an element of Q, f can be 
expressed, with respect to -< on B x , as 

/ = h(y)x a + lower terms in the x variables, 

where h(y) G E[yi, . . . , y m ]. So, as an element of Q, the leading coefficient of / with respect to 
-< on B x is then defined to be LC X (/) = h(y). 

An indispensable bridge in reaching our main result of this section (Theorem 4.4. (ii) ) is the 
following 

4.2. Proposition ([AB], Proposition 2.1) With notation as above, let J be an ideal of the 
polynomial ring T = E[y x , . . . , y m , x u . . . , x n \ = {E[y x , y m ])[xi, ...,x n ] = Q, and let -< be 
a monomial ordering on B such that 

x a y fi -< x '/' <^> x a -< x a ' or x a = x a ' and y p -< y^' , 



i.e., -< is an elimination ordering with the x variables larger than the y variables. The following 
statements hold. 

(i) If, with respect to -< on B, G = {gi, . . . g t } is a Grobner basis of J in T (i.e., a Grobner 
basis with coefficients in E), then Q is a Grobner basis of J in Q with respect to -< on B x (i.e., 
a Grobner basis with coefficients in E[yi, . . . , y m ]). 

(ii) With Q as presented in (i), if we put G = {hi = LC x ((?j) \ gi G G}, then G is a Grobner 
basis for the ideal J y = (LC X (/) \ f G J) of i^yi, . . . , y m ] with respect to -< on B y . 

□ 

Remark The assertion (ii) of Proposition 4.2 will not be used in the remaining part of this 
paper. 

To better relate the main result of this section to Theorem 2.3, in what follows we let 
R = E[y x , . . .y m ]/I with I = (u u . . . , v a ), and we let ip: Q = (E^, . . . ,y m ])[x 1 , . . . , x n ] ->■ 
R[xi, . . . , x n ] = A be the canonical ring epimorphism with (p(^2 i hiX a ^) = £V hiX a ^\ where 
hi G E[yi, . . . ,x n ], s a W G and hi = hi + I is the coset in R represented by hi. If -< is a 
given monomial ordering on B, then, for each 7^ / G T = Q, we write LT(/) for the leading 
term of / in T with respect to -< on £>, and we write LT X (/) for the leading term of / in Q 
with respect to -< on # x . Moreover, if (f(f) = f = Yli^i^^ 7^ 0, we write LT X (/) for the 
leading term of / in A with respect to -< on B x ; and if 7^ h G -Ejyi, . . . , y m ], we write LT 2/ (/i) 
for the leading term of h with respect to -< on B y . Consequently we have the corresponding 
LM(/), LM X (/), LM X (7) and LM y (h) in T, Q, A and . . . ,y m ] respectively. 

4.3. Lemma Let -< be the elimination ordering on B as described in Proposition 4.2. With 
notation as above, let ^ f = J2ij £^ Q(i V (j) G T with LT(/) = e M x a ^y^\ where e^- G ,5 
and x a My£0') e £>. The following statements hold. 

(i) Viewing / as an element of Q, if, after rewriting / in the x variables, / = Yl q h q x a ^ with 
h q G E[ Vl , . . .,y m ], then LT X (/) = h k x a ^ with LT y (h k ) = e M y^\ 

(ii) Let hk be as in (i). Then / can be reduced modulo {z/ 1; . . . , z/ s } in T with respect to -< on 
B if and only if h k can be reduced modulo {i>i, . . . , u s } in E[yi, . . . , y m ] with respect to -< on 

By. 

Proof (i) Since as an element of T, / = £\j e ijX a ^y^ G T with LT(/) = £kt x a{ - k) y m by 
the assumption, it follows from the expression / = J2 q h q x a ^ of / in Q, and the definition of 
-< that LT X (/) = h k x a ^ with LT„(/i fc ) = e w ^. 

(ii) Suppose that / can be reduced modulo {Vi, . . . , u s } in T with respect to -< on B. Then 
there exist e u ...e s eE and x^V^, . . . , a^W/W e 6 such that 

LT(/) = £ ke x a WyPW = e^^y^LT^) + ■■■ + e s x a ^y^LT(u s ), 

LM(/) = xTWyPM = x a ^y^LM(u p ) for all e p 7^ 0. ^ 

Noticing that {z/i, . . . , z/ s } did E[yi, . . . ,y m ], the feature of -< then entails that LM(i/ p ) = 



LMy(i/ p ) and LT(z/ p ) = LT J/ (z/ p ) for 1 < p < s. It follows from (1) and (i) that 

x a(k) = x a(p) for aU £p ^ 0, 

LM^O = yW = y^LM y (u p ) for all e p ^ 0, (2) 
LT y (h k ) = e u y m = e^LTyiu,) + ■■■ + e s y^LT y (u s ). 

This shows that h k can be reduced modulo {i>i, . . . , u s } in . . . , y m ] with respect to -< on 

By. 

Conversely, suppose that h k can be reduced modulo {ui, . . . , u s } in in E[yi, . . . ,y m ] with 
respect to -< on B y . Then there exist e\, . . . , e s G E and y 13 ^, . . . , G such that 

LT y (h k ) = e kl y m = e 1 y^LT y (u 1 ) + ■■■ + e s y^LT y (v s ), 
LM y (h k ) = yM = y P(p)LMy(u p ) for all e p ^ 0. 

Multiplying both sides of the two equalities of (3) by x a ^ h \ and noticing again the feature of 
-<, we have 

LT(/) = e H x a WyPW = e^^y^LT^) + ■■■ + e s x a Wy^LT(v s ), 
LM(/) = afWyM = x a ^y^LM{u p ) for all e p ^ 0. 

This shows that / can be reduced modulo {u x , . . . , u s } in T with respect to -< on B, as desired. 

□ 

4.4. Theorem With the ideal I = (v\, . . . , v s ) C E[yi, . . . , y m ] and R = E[yi, . . . , y m ]/I as 
before, given an ideal J = (S) of A = R[x\, . . . ,x n ] generated by S = {f 1: . . . , / t }, where f i = 
■ hijX a ^ with hij = hij + I the coset in R represented by G E[y ± , . . . , y m ], 1 < i < t, let 
J = (£) be the ideal of T = E[y ± , . . . , y m , x 1 , . . . , x n ] generated by S = {fi, . . . , f t , v u . . . , z/J, 
where /j = J2jhijX a(jj \ 1 < i < t. Let -< be the elimination ordering on the standard free 
.E'-basis B of T as described in Proposition 4.2. Suppose that G — {Vi, . . . , u s } forms a Grobner 
basis of I with respect to -< on the standard free E-basis B y of E[yi, . . . , y m ]. The following 
statements hold. 

(i) If, with respect to -< on B, Q = {gi, . . . , g m } is a Grobner basis of J constructed by means 
of ([AL], Algorithm 4.2.1) using the initial input-data S in T, then for each (jL G, we have 
LT x ((p(gi)) = (p(LT x (gi)) and hence LM x (y>(^)) = LM X (^), where 

V ■ Q = (E[yi, ■ ■ ■ ,y m ])[xi, . . .,x n ] — KRfxi, . . . ,x n ] = A 
is the canonical ring epimorphism with hiX a ^) = hiX a ^ . 

(ii) Let ^ be the Grobner basis of J presented in (i). Considering the image <p(G) in A, the set 

Q = {9k = <f(9k) I 9k g k ^ vj, l<j<s} = ip(g) - {0} 



is a Grobner basis for J with respect to the monomial ordering -< on B x . 



(iii) With Q as presented in (i), each g k G — {^1, . . . , as an element of Q, has a represen- 
tation g k = g' k + g'l in which 

9k = E g h k q x a{g) with /i fc g I for all g, 
0k = h k ex a{E) with /i w G / for all £, 

and such a representation can be algorithmically determined. Hence each element of the 
Grobner basis Q obtained in (ii) has a "real representation" in A, i.e., g k = <f(gk) = V?(#fc) — 
E q h kq x a(q) with all the h kq ^ 0. 

Proof (i) Let g« G Q with gi ^ G = {vi, . . . , z/ s }. If G {/i, . . . , /<}, then it is clear that that 
LT x (<f(gi)) = (p(LT x (gi)). If & {/i, . . . , f t , v u . . . , u s }, then it follows from ([AL], Algorithm 
4.2.1) that g,i is obtained by passing through some i-th round executing the While loop, that 
is, g,i := r, where r appears as the remainder of a reduction 

G' 

Higi H h # t #t — >+r 

which is minimal with respect to G' . So, gi cannot be further reduced modulo G' . Note 
that G C S C G' since 5 is the initial input-data running the algorithm. Hence, <?j cannot 
be reduced modulo G in T. It follows from Lemma 4.3 that if, as an element of T, gi = 
E P q e pq x °'^y 13 ^ with LT(^j) = e p i q rx a<J>n> yP( q '\ and if, as an element of Q expressed in the x 
variables, gi = Y^k^kX 01 ^ with h k G E[yi, . . . , y m ], then UT x (g i ) = h p ix a ^ p '^ and /i p / cannot be 
reduced modulo G. Thereby we conclude that f{gA = h p ix a<yP '^ + Efc^p' h k x a ^ with h v > ^ 0. 
Otherwise, h p > = would imply h p > G / and hence h p > could be reduced modulo G (note that G 
is a Grobner basis of /). Therefore, we have hT x ((p(g i )) = h p >x a ( p ^ = <£>(LT x (<7j)), as desired. 

(ii) Since (i) holds and, by Proposition 4.2(i), Q is a Grobner basis of J in Q with respect 
to -< on B x , we are now in the situation of Theorem 2.3 with A = E[yi, . . . , y m ]. So the proof 
of Theorem 2.3(h) can be completely adapted to show that Q is a Grobner basis for J with 
respect to the monomial ordering -< on B x . 

(iii) Since Q is finite and since G — {v±, . . . , v s } is a Grobner basis of / by our assumption, 
it follows that there is an algorithm to determine whether a coefficient of g k (as an element of 
Q) is in I — (z/i, . . . , v s ). □ 

In light of Proposition 4.2, one may check that the following holds. 

4.5. Theorem Let the Grobner bases Q and Q be as in Theorem 4.4. Then, similar results as 
presented in Proposition 2.4 - Theorem 2.8 hold, that is, all basic applications of the Grobner 
basis Q at the level of A — (E[yi, . . . , y m ]/I)[xi, . . . , x n ] can be realized by using the Grobner 
basis Q at the level of T = E[yi, . . . , y m , x±, . . . , x n ]. 



5. The Case of R = D[# u . . . , tf m ] with D a PID 

In consideration of the prominent feature of strong Grobner bases over a PID (see [AL], Section 
4.5), in this section we demonstrate in more details the application of Theorem 4.4 and Theorem 
4.5 to a finitely generated D-algebra R = . . . , i? m ] with the generating set . . . , i? m }, 

where Z? is a PID including the case of D — K being a field. Since R = D[y 1: . . . , y m ]/I, where 
. . . , y m ] is the polynomial ring in m variables over D and I is an ideal of D[yi, . . . , y m ], 
in what follows we let R = D[yi, . . . ,y m ]/I. All notations and conventions used before are 
maintained. 

5.1. Corollary If in Theorem 4.4 and Theorem 4.5, E = D is a PID, respectively E — K is a 
field, then 

(i) the Grobner basis Q in the sense of Definition 1.3 can be obtained by constructing a 
strong Grobner basis Q in the polynomial ring D[y 1 , . . . , y m , x n , . . . , x n ] by means of ([AL], 
Algorithm 4.5.1), respectively by constructing a Grobner basis Q in the polynomial ring 

] by means of the classical Buchberger algorithm; and 

(ii) similar results as presented in Proposition 2.4 - Theorem 2.8 hold, that is, all basic applica- 
tions of the Grobner basis Q at the level of A = (D[yi, . . . , y m ]/I)[xi, . . . , x n ] can be realized by 
using the strong Grobner basis Q at the level of T — D[yi, . . . , y m , xi, . . . , x n ], respectively all 
basic applications of the Grobner basis Q at the level of A = (K[yi, . . . , y m ]/I)[xi, . . . , x n ] can 
be realized by using the (classical) Grobner basis Q at the level of T — K[y 1: . . . , y m , x 1: . . . , x n ]. 

□ 

In the case of E — K being a field, the following two significant cases immediately illustrate 
the advantage of Corollary 5.1: 

(1) R = K[yi, . . . ,y m ]/M is an extension field of K, where M = (/i, .../*) is a maximal 
ideal of K[y u ...,y m ]. 

(2) R = K[fi, . . . , f m ] is the K-subalgebra generated by polynomials fi, ■ ■ ■ , f m £ 
K[xi, . . . ,x n }. Note that in this case R = K[yi, . . . ,y m ]/I, and that by ([AL], Theorem 2.4.2), 
a Grobner basis of / can be worked out by calculating a Grobner basis of / = H D K[yi, . . . , y m ] 
by means of the classical Buchberger algorithm, where H = (y± — fi, . . . , y m — f m ) C 
K[y u ...,y m ,x u .. .,x n ]. 

Remark Note that every Grobner basis over a field K is certainly a strong Grobner basis 
in the sense of Definition 3.1, and note also that in Corollary 5.1 (i) we emphasized that the 
obtained Grobner Q is the one in the sense of Definition 1.3 instead of a strong Grobner basis. 
The reason is that if m > 2, then, as it is pointed out to us by [AL] on page 251, the Grobner 
basis Q constructed in T = K[y±, . . . , y m , xi, . . . , x n ] may not be a strong Grobner basis in 
Q — (K[yi, . . . y m ])[xi, . . . , x n ]. So, the Grobner basis Q we obtained in the way as presented in 
Theorem 4.4 may not be a strong Grobner basis. Nevertheless, this does not matter practical 



applications of Grobner bases in A, because Theorem 5.1(ii) tells us that the basic applications 
of Q are realized by using the (strong or classical) Grobner bases Q at the level of T. 

Whereas we will see that in the case that K[y] is the polynomial ring in one variable y over 
a field K, Corollary 5.1 may be turned to be much better due to a nice result of [AL] quoted 
below. 

5.2. Proposition ([AL], Theorem 4.5.12) Let K[y] be the polynomial ring in one variable y 
over a field K. Then Q = {gi, . . . , g m } is a Grobner basis in T = K[y, xi, . . . , x n ] with respect 
to an elimination ordering with the x variables larger than y if and only if Q is a strong Grobner 
basis in Q = (K[y})[x 1 , . . .,x n ]. 

□ 

5.3. Theorem With notation as fixed above, let / = (is) be an ideal of K[y] generated by the 
single polynomial is, and R = K[y]/I. Let J = (S) be an ideal of A = R[xi, . . . , x n ] generated 
by the set of nonzero elements S = {f ± , . . . , / s }, where f i = £V XijX a ^\ 1 < i < s. Consider 
in T = K[y, x\, . . . , x n ] the set of elements S = {/i, . . . , f s , is}, where fi = £V XijX a ^\ and let 
J = (S) be the ideal of T generated by S. If, with respect to an elimination ordering -< with 
y smaller than all the Xi, Q — {gi, . . . , g m } is a Grobner basis of J constructed by the classical 
Buchberger algorithm using the initial input-data S in T, then 

(i) the set 

= {9k = ¥{9k) | 9k &Q, 9k ^ a} = tp(G) - {0} 

is a strong Grobner basis for J in the sense of Definition 3.1, where (p is the canonical ring 
epimorphism from Q = (K[y])[xi, . . . , x n ] to A; 

(ii) each g% G Q — {is}, as an element of Q, has a representation = g' k + g'l in which 

9k = Y. q hk q x a{q) with h kq I for all q, 
9k = Ei h k ex a(e) with h u G / for all t, 

and such a representation can be algorithmically determined, thereby each element of the 
Grobner basis Q obtained in (ii) has a "real representation" in A, i.e., ~g k = (p(gk) = v{9k) = 
E q hk q x a ^ with all the h kq ^ 0; and 

(iii) similar results as presented in Proposition 2.4 - Theorem 2.8 hold, that is, all basic appli- 
cations of the Grobner basis Q at the level of A can be realized by using the (classical) Grobner 
basis Q at the level of T. 

Proof (i) By Proposition 5.2, Q is first of all a strong Grobner basis of J in Q. Now, the 
remaining argument is similar to the proof of Theorem 3.2. 

(ii) Since Q is finite and since I — (is) C K[y], where K[y] is the polynomial ring in one variable 
over a field K, the classical division algorithm can be used to determine whether a coefficient 
of g k (as an element of Q) is in /. 

(iii) This follows from Corollary 5.1(h). □ 



We next consider the case when D is a PID with the field of fractions K. Let K C L be 
a field extension and let i? G L be an algebraic element over K. We are interested in the ring 
extension D C R = D[d] where the minimal polynomial of d over K is known. 

5.4. Lemma Let R — D[&] be as above. Suppose that q(y) G K[y] is the minimal polynomial 
of i? over K. Then there are b,d <E D and a primitive polynomial p(y) G (which is 
necessarily irreducible) such that bq(y) = dp(y). Moreover D[d] = D[y}/ (p(y)). 

□ 

5.5. Theorem With R = D[d] as fixed above, let J = (S) be an ideal of A = R[x±, . . . ,x n ] 
generated by the set of nonzero elements S = {f 1 , . . . , / s }, where f i = -\ij(d)x a ^ with 

G R, 1 < % < s. Let p(y) be the polynomial as presented in Lemma 5.4. Consider 
in the polynomial ring T = D[y,x\, . . . ,x n ] the set of elements S = {/i, . . . , f s ,p{y)}, where 
fi = Ylj ^ij(y) xa ^ with Xij(y) given by replacing ■& by y in the coefficients of and let J = (S) 
be the ideal of T generated by 5. If, with respect to a monomial ordering -< as described in 
Proposition 4.2, Q = {gi, . . . , g m } is a strong Grobner basis of J constructed by means of ([AL], 
Algorithm 4.5.1) using the initial input-data S in T, then 

(i) the set 

= {g k = V(.9k) I 9k £G, Qk^a] = <p(G) - {0} 

is a Grobner basis for J in the sense of Definition 1.3, where tp: T — > A is the canonical ring 
epimorphism with ^(Sj Xj(y)x a ^) = ^ ; Aj(i?)a; a ^; 

(ii) each gt £ G — {p(y)}, as an element of Q, has a representation gk = g'k + 9k i n which 

#fc = E 9 A fcg (y)x a ^ with \ kq (y) <£ (p(y)) for all q, 
9k = Eehe(y)x a ^ with X M (y) G (p(y)) for all £, 

and such a representation can be algorithmically determined, thereby each element of the 
Grobner basis G obtained in (ii) has a "real representation" in A, i.e., ~g k = tp(gk) = v{9k) = 

£, W#)z a(,) with a11 the A %(^) ^ °5 and 

(iii) similar results as presented in Proposition 2.4 - Theorem 2.8 hold, that is, all basic appli- 
cations of the Grobner basis G at the level of A can be realized by using the strong Grobner 
basis G at the level of T. 

Proof (i) Since a strong Grobner basis in the sense of Definition 3.1 is certainly a Grobner 
basis in the sense of Definition 1.3, it follows from Theorem 4.4 that G is a Grobner basis for 
the ideal J. 

(ii) Since G is finite and since (p{y)) C D[y], where D[y] is the polynomial ring in one variable 
over the PID D in which linear equitions are solvable, it follows that there is an algorithm to 
determine whether a coefficient of g k (as an element of Q) is in I = (z/ 1; . . . , v s ). 

(iii) This follows from Theorem 4.5. □ 



Remark Note that the Grobner basis Q in Theorem 5.5 is a strong Grobner basis in the sense 
of Definition 3.1, and note also that we emphasized that the obtained Grobner Q is the one in 
the sense of Definition 1.3 instead of a strong Grobner basis. The reason is that the Grobner 
basis Q may not be a strong Grobner basis in Q = (D[y])[x 1: . . . ,x n ], even if D = Z is the 
ring of integers ([AL], Example 4.5.4). So, the Grobner basis Q we obtained in the way as 
presented in Theorem 5.5(i) may not be a strong Grobner basis. Nevertheless, this does not 
matter practical applications of Grobner bases in A, because Theorem 5.5. (ii) tells us that the 
basic applications of Q are realized by using the strong Grobner basis Q at the level of T. 

Obviously, Theorem 5.5 immediately applies to the case of R = Z[i?], where $ is an arbitrary 
algebraic number, thereby Z[$] may not even be a UFD. 

6. The Case of R = Z p n[y]/ (f) Being a Galois Ring 

We end this paper by applying the results of previous sections to the Grobner basis theory over 
Galois rings. 

Let p be a prime in Z and m, n be positive integers. Recall from the literature ([Mc], [Rag]) 
that if / is a monic basic irreducible polynomial of degree m in the one-variable polynomial 
ring Zj p n[y] (i.e., / is irreducible modulo p), then the quotient ring R = Z p n [y]/ (f) is called the 
Galois ring of order p mn and characteristic p n . 

Consider the polynomial ring A = R[xi, . . . , x n ]. For convenience, if / = £V a^y 1 G Z p n[y], 
where each G N satisfies 1 < at < p n — 1, then we write / = Yli a iy l f° r the corresponding 
polynomial in T = Z[y, x±, . . . , x n ]; If J = (S) is an ideal of A generated by the set of nonzero 
polynomials S = {f 1 ,...,f t }, where f i = ^jh,ijX a<y ^ with G R represented by hij = 
J2 k a^y k G Z p n[y] with a % l G N satisfying 1 < < p n — 1, then we write = J2 k a£y k 
and fi = J2j hijX a ^\ 1 < i < t, and let J = (S) be the ideal of T generated by S = 
{/i //././'"}. 

6.1. Theorem With notation as fixed above, if, with respect to a monomial ordering -< as 
described in Proposition 4.2, Q = {gi, . . . ,g m } is a strong Grobner basis of J constructed by 
means of ([AL], Algorithm 4.5.1) using the initial input-data S in T, then 
(i) the set 

Q = {9k = Vidk) I 9k eg, g k ^ f} = (pi/>(G) - {0} 

is a Grobner basis for J in the sense of Definition 1.3, where ip, and ip are the canonical ring 
epimorphisms as shown below: 

Z[y , X\, . . . , x n ] > Z p n [y , X\ , • • • , X n \ (Z p n[y])[ x±, . . . , x n ] — > (Z p n[y]/(/))[xi, . . . ,x n }] 



(ii) each g k e G — {v}, as an element of Q, has a representation = g' k + g' k ' in which 

9k = E q h kq x a ^ with h kq £ (/) for all g, 
0* = with h u e (/) for all £, 

and such a representation can be algorithmically determined, thereby each element of the 
Grobner basis Q obtained in (ii) has a "real representation" in A, i.e., g k = (p(gk) = V?(#k) = 
Eg hk q x a( - q ^ with all the hk q ^ 0; and 

(iii) similar results as presented in Proposition 2.4 - Theorem 2.8 hold, that is, all basic appli- 
cations of the Grobner basis Q at the level of A can be realized by using the strong Grobner 
basis Q at the level of T. 

Proof This follows from Theorem 3.2, Theorem 4.4 and Theorem 4.5. □ 

Remark (i) All results obtained in this paper for ideals may be generalized to modules without 
much difficulty 

(ii) In a forthcoming paper [Li], the methods proposed in this paper will be generalized to deal 
with Grobner bases in certain noncommutative algebras over rings, in particular, the Grobner 
bases in a solvable polynomial algebra (in the sense of [K-RW]) over a commutative ring, and 
the Grobner bases in a free algebra R(X 1 , . . . , X n ) over a quotient ring R = K[yi, . . . , y m ]/I of 
a commutative polynomial ring K[y±, . . . ,y m ] (including I = {0}). 
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